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Scaling of local density correlations in a fluid close to freezing
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We simulated the equilibrium properties of some reference model fluids, with hard-core, Yukawa
and Lennard-Jones interactions, and compared their local density profiles in thermodynamic states
where the residual multiparticle entrofgMPE), an established and rather sensitive indicator of the
incipient ordering of the fluid into a more structured phase, happens to vanish. We found that, once
interparticle distances have been referred to the average separation between nearest-neighbor
particles, the radial distribution function®DF) coalesce—from the second coordination shell
onwards—onto nearly the same spatial profile. This property was ascertained for different model
systems in different thermodynamic conditions but for the shared zero-RMPE constraint. The
emergence of a scaling relation for the RDF’s in the fluid phase further enlightens the nature of the
structural condition that is singled out by the vanishing of the RMPE.2@1 American Institute

of Physics. [DOI: 10.1063/1.1406528

I. INTRODUCTION Coulomb potential, although the positions are systematically
shifted!? In this paper we aim to examine in closer and more
critical detail the “collapse” of the RDF’s of different three-
. . . ) L . dimensional(3D) fluids onto a common spatial profile, after
ticles in two dimension$2D), highlighted the existence of a density effects have been properly taken into account. In

scaling relation for the radial distribution functiéRDF) of order to do this, we further extended the analysis performed
both model fluids when the thermodynamic states that arg, Ref. 1 to aIS(,) include, besides hard sphetés) and LJ

being corfnphared refer to e:)conditiclm such tha;[ th(.a excesﬁarticles, hard-core Yukawa fluigslCYF), i.e., hard spheres
entropy of the system can be exactly expressed as: attracting each other through a Yukawa potential.

Recently, Saija and co-worketsyhile investigating the
ordering properties of hard-core and Lennard-Jdhdspar-

1
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Il. MODELS AND METHOD

wherep is the number densityg(r) is the RDF ands,, is

the difference between the total entropy per particle of the-Sim

fluid (measured in units of the Boltzmann constanand the

corresponding noninteracting value. In general, the r.h.s. of tx r<o

Eq. (1) represents the contribution of two-body density cor- UHs(f):{ 0 =0 )

relations only to the excess entropforrespondingly, Eq.

We performed standard Metropolis Monte Ca(MC)
ulations of the following model potentials:

(1) is tantamount to the vanishing of the re-summed contri- _ +o r<o
butions associated with correlations involving at least triads Uncyr(r) = —e(olr)exd —z((rlo)—1)] =g’
of particles®* (4)

AS=S(ey—Sy, )

o\ 12 [ o\6
. . . . U(r)=4e (_) _(_) ) 6)
wheres, is the pair entropy ands is the so-called residual r r
multiparticle entropyRMPE). The relevance of the condi- \herer js the interparticle distance; is a geometrical scale
tion As=0 as a one-phase ordering criterion has been docu 1oy (the sphere diameter for hard-core partiglesd e is
mented for a variety of thermodynamic phenomena both ifpe genth of the attractive well. The range of the Yukawa
continuous systerfis’ as well as in lattice fluid$>** potential can be adjusted through the parametein the
Hansen and Schiff, while studying the structural Propertsiiowing, we shall use reduced temperature unitg:
ties of fluids interacting through inverse-power repulsive po-_ 1/,
tentials at crystallization, had already observed that the 0s-  The simulations were performed at constant temperature
cillations of the RDF beyond the first peak are similar in1 i, 3D. The number of particles in each sample, replicated
amplitude, in the two extreme cases of hard spheres and of g, periodic boundary conditions, ranged between 800 and
1000. Each simulation run was started from a perfect face-
¥Electronic address: saija@me.cnr.it centered-cubi¢FCC) crystal configuration. The equilibration
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of the samples typically took, depending on the density, 2 '
X 10°—1x10° MC sweeps, a sweep consisting of one at- g
tempt to sequentially change all particle positions. The maxi- |
mum displacement of a particle was adjusted along the run
so as to keep the acceptance ratio of the MC moves as close
to 0.5 as possible. The relevant thermodynamic averages
were computed over410°—7x 10° MC sweeps. The RDF
histogram was constructed with a spatial resolutitn
=¢/20, and was updated every 100-500 MC sweeps. The
RDF was computed up to a distan&g,,,=L/2, whereL 1 L5 2

=(N/p)*2is the length of the simulation box. The RDF was rfc

never found to differ significantly from unity at a distance of Fic. 1. Histogram of the Voronoi nearest-neighbor particles that are located
order R,.. The fulfilment of this condition is crucial for at a distance from a given reference particle for hard sphefesntinuous

ensuring an accurate numerical estimate of the pair entropy'e) and for a HCYF withz=7 (dashed ling Both fluids have the same
at liquid densities ensity,pa®=0.95, the reduced temperature of the HCYF be€ltig=0.5.

definitely less obvious is that the amplitudes of the oscilla-
tions do substantially coincidéwvithin the numerical accu-
According to the preliminary evidence presented in Refracy of the calculationwhen the conditioms(p,T)=0 is
1 for hard-core and LJ particles in 2D as well as 3D, thefulfilled. Before commenting further on this result, we shall
spatial profile of the RDF looks the same—as far as thecheck the assumption made on the mean NN separation in
phase and the amplitude of the oscillations beyond the sed?ef. 1, where it was estimated as . The distancel,
ond peak are concerned—for different systems and/or themwhich obviously depends on the thermodynamic state of the
modynamic conditions, provided théj the states in which fluid, can be unambiguously defined and calculated through
the RDF’s are being compared are such that the RMPE of ththe so-called Voronoi constructidrithe embedding space is
fluid vanishes andii) the interparticle separatiornis referred  first partitioned into polyhedral cells, each representing the
to the average distant¢detween nearest-neighb@®N) par-  set of points which are closer to a given particle than to any

Ill. THE SCALING CRITERION

ticles: other particle. By construction, every face of a Voronoi cell
lies halfway between two oppositwith respect to the fage

9alr)=0p(ry), if r_,: M , 6) neighboring particles and is orthogonal to the axis joining

¢ Lo(1) 1g(I1) them. The number of faces of the Voronoi polyhedron en-

closing a given reference particle is thus equal, by definition,
to the number of its NN particlesny). Hence, for any
spatial configuration generated by the MC algorithm, one can
identify the nearest neighbors of any particle in the fluid and,
after performing an average over all the sampled configura-
tions, construct the histogra®(r) of the NN particles that
are located at distance from a central “tagged” particle.
ga(r)=gg(yr), (7) Figure 1 showd>(r) for hard spheres and for a HCYF with
z=7 at high densities: the influence of a deep attractive po-
tential is rather manifest in the contact region up rto

l5(11) [ pa s ~1.50. A radial integral of the histogram readily yields the
= W: — (8 mean NN separatioh We find thatnyy=14.5 at freezing

@ Pp densities, an estimate that is definitely larger than the coor-

It is rather obvious that any “scaling relation” for the RDF dination numbem, of a simple dense fluid or, even, of a
like the one formalized in E(6), cannot hold, in general, at hard-core fluid at closest packing{=12). This apparently
very short distances where the influence of a specific poterparadoxical result is the subtle outcome of a geometrical
tial on the detailed shape of the RDF is rather strong. This iSmarginality” problem whose origin can be explained by
particularly evident for potentials with a hard-core repulsionresorting, for simplicity, to the crystalline structure of such
as compared to a soft one. Saija and co-workers observdtlids. As is well known, the Voronoi cell relative to a perfect
that the agreement between the scaled RDF's was extremeRCC lattice is a rhombic dodecahedrgim this case the
good from about the second peak onwdrd$e efficacy of  Voronoi cell is nothing but the Wigner—Seitz delBix ver-
the abover-scaling procedure in “according” the phases of tices of the dodecahedron are each equidistant between the
the damped oscillations of the RDF’s of different systems inchosen central particle and one of the six particles forming
different thermodynamic states at high enough values of thés second coordination shell. However, it is easy to realize
density may not look particularly surprising in that the NN that even a minute perturbation of this structure—as can be
separation is a “natural” reference distance for comparinginduced, for instance, by a thermal fluctuation—discloses a
spatial correlations in a way that is natpriori biased by few extra small faces on the surface of the déiiree, on
easily predictable densitfviz., packing effects on the rela- averaggwhich are orthogonal to the lines joining the central
tive arrangement of particles in the fluid. What, to us, isparticle with particles lying within the second coordination

where the subscripta, 8 label the model systems that are
currently being considerefile., HS, HCYF, LJ, while | and
Il identify two distinct thermodynamic conditions either for
two different fluids or for the same fluite=p) under the
zero-RMPE constraint. The characteristic distahgcean be
estimated asp;”:".l Equation(6) can then be rewritten as

where

Y
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0.15 : TABLE I. Thermodynamic states where the RMPE vanishes for the model
potentials investigated.
01 | Model z T Poo pio®
< HS 0.95 0.92
T LJ 0.75 0.86 0.87
0.05 4 LJ 1.15 0.96 0.9
LJ 2.00 1.04 1.0%
LJ 2.74 1.11 111
0 ) ‘ - HCYF 3.9 0.60 0.95 0.85
0 0.4 A/ 0.8 1.2 HCYF 3.9 0.70 0.95 0.90
HCYF 3.9 2.00 0.95 0.95
FIG. 2. Frequency of the surface areas of the Voronoi-cell fdegend as HCYF 7.0 0.50 0.95 0.70
for Fig. 1). HCYF 7.0 1.00 0.95 0.94

®References 22 and 23.

_ N _ PReference 19.
shell. As a result, such particles are classified nearest neighvisual estimates from Ref. 14.

bors in the sense of Voronoi even if their separation from the

central particle is larger, on average, than that of the other o .

more “internal” neighbors belonging to the first coordination the data presented in Fig. 2. In any case, given that only the

shell. This somewhat anomalous situation can also be visJ&tios of the average NN separations are needed i/ ¢pr

alized through the histogram shown in Fig. 2, representindhe scaling qf the interparticle dls_tances, th? dependente of

the average distribution of the surface areas of the Vorond?n the density can be safely ESt'matEdPé§3 (as already

polygons: the presence of a subsidiary peak centered at zefl9ne in Ref. ], regardless of the value assigned to the con-

is the fingerprint of the existence of such marginally neigh_stantc. This apprpxmatl_on_turns ou_t to be quite reliable alsc_)

boring particles. for the LJ potential, as |nd|r.ectly wnnesse_d by the compari-
Figure 3 shows the mean NN separatioplotted as a  SON _of scaled RDF's that is presented in the forthcoming

function of the density, for hard spheres and for a HCYFSection.

with two different decay ranges of the potentia=3.9,7)

and at different temperatures as well. The data can be fittety- RESULTS

with a simplec-p~** law, wherec=1.22. The value ob- The thermodynamic states where we tested the scaling
tained for the constant is very close toopgs=1.12..., criterion for the three model fluids investigated are listed in
wherepcp=2"%0""2 is the HS density at closest packing. In Taple I. We also included—for each fluid and temperature—
fact, one would expect to recovéro as a lower-bound the values of the freezing densitigs, independently ob-
value for a close-packed assembly of spherical hard-core pagained by other authors with numerical simulation methods,
ticles. The tiny overestimate of the constanthat was ob-  for a comparison with the “intrinsic” ordering threshojd,
tained through the fit, with the resulting moderate but systhat is associated with the vanishing of the RMPE.

tematic stretching of the average NN distances, is the The scaling procedure illustrated in the preceding sec-
outcome of the marginality problem discussed above, i.e., ofion was originally tested for the LJ fluid versus hard
the average inclusion of three more distant second-she§phered. We have now extended the comparison to include
neighbors in the calculation ¢fAs a result, on approaching foyr different thermodynamic states along the zero-RMPE
close packing, the mean NN separation calculated accordingcys. It is well known that the indications given by the

to Voronoi no longer saturates atbut, rather, a{(12+3  entropy criterion are pretty consistent, also on the quantita-
-2%%)/15]0=1.08r, a value that is consistent with the fit of tive side, with the thermodynamically established freezing
threshold of the LJ fluid and bare hard spherégigure 4
18 shows the corresponding RDF’s: it is rather manifest that,
within the numerical resolution of the calculation, the ampli-
tudes of the oscillations—beyond the first peak—do actually
coincide. This is true for both the LJ fluid along the zero-
RMPE locus as well as for hard spheres at the one single
density where the RMPE happens to vanish. Furthermore,
after scaling the interparticle distances according to the cri-
terion exposed in the preceding section, all of the RDF's are
found to collapse onto a unique profile. We have tried to
0.2 0d 0‘.6 08 1 ascertain whether the merging of the LJ RDF’s onto a com-
po’ mon profile might be considered as accidental by checking
the sensitivity of the RDF’s to temperature changes at a fixed

FIG. 3. Nearest-neighbor distances estimated as a function of the reductﬂiensity_ Figure 5 shows such a comparison ;f@r3=0.86
density for hard spheres through the Voronoi constructmmen circles

Some data points relative to the HCYF fpi°=0.95 and for different and 0.96. The temperatures at which ,We sampled the fluid are
values ofzandT* are also shown but are hardly resolved on the scale of thdN€ same as those_ sorted out at d|ﬁeren_t densities l?y the
plot. The data are fitted to the curtgp) =1.227- p~ 1% (continuous ling zero-RMPE constraint. As can be appreciated from Fig. 5,
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the amplitudes of the RDF’s now differ in a significant way.
Hence, it appears that the claimed correspondence is cor-
rectly assured only if one compares the properties of the fluid
relative to thermodynamic states whekg(p,T)=0, a con-
dition which, in general, implies different densities at differ-
ent temperatures.

In order to check the generality of E@®), we have also
considered another standard model fluid, i.e., the HCYF. As
formerly anticipated, we investigated the properties of this
model for two values of the decay parameter,3.9 and 7,
respectively, corresponding to a progressively shorter and
shorter range of the attractive tail. According to numerical
simulation, forz=3.9, the HCYF still has a liquid phase
which, however, becomes metastable with respect to subli-
mation for z=7.1* Other authors have already used the en-
tropy criterion in order to predict the freezing point of the
HCYF718 The most refined integral-equation theories
(MHNC, SCOZA) reveal a scarce sensitivity of the zero-
RMPE density threshold with respect to temperature
shifts1®1’ As a result, the corresponding locus in thel
diagram apparently fails to account for the “softening” of
the freezing line that is registered by numerical simulation at
intermediate densities when the range of the potential be-

FIG. 4. Radial distribution functions of hard spheres and of a Lennard-Jone§O0MeS very_short. This shortc_om_ing is even accentuated by
fluid in thermodynamic states characterized by the vanishing of the residughe alternative use of the criterion formerly proposed by

multiparticle entropy(see Table)l Hard spheres: continuous line; Lennard- Hansen and VerletHV) for estimating the freezing point of

Jones: dashed lineTt =0.75), dotted line T* =1.15), dot-dashed line
(T*=2), dot-dot-dashed linel(* =2.74). The curves reported in the lower

the fluid® However, the numerical implementation of the

part(b) of the figure are the same as(@ but for the use of scaled distances condition As(p,T)=0 with Gibbs ensemble Monte Carlo

ropl,

g(r)

g(r)

FIG. 5. A check of the sensitivity of the radial distribution function of the
Lennard-Jones fluid to temperature changes at a fixed derajtypo®
=0.86: continuous line T* =0.75), dashed lineT* =1.15), dotted line
(T*=2). (b) po°=0.96: continuous line T*=1.15), dashed line T*

=2), dotted line T* =2.74).

3
r/c

data shows that the disappearance of the stable liquid phase
would still occur forz=1328 The present results, which are
based on a numerical simulation of larger samples, are
consistent—within a common range of the parameters—with
those obtained in Ref. 18. In fact, Table | shows thg(tT)
sticks, for both values of the decay parameteat the HS
value over a wide temperature range. Actually, Ze17, we
observed a modest bending of the zero-RMPE line towards
decreasing densities for deep metastable states only, i.e., at
temperatures lower than 0.5. Of course, the failure of the
entropy-based criterion, as well as of the HV recipe, in mod-
eling the shape of the transition line for very short-ranged
potentials may be the outcome of an intrinsic deficiency of
both criteria which becomes particularly evident in the case
of such anomalous, almost adhesive potentials. However, it
may also be an indirect indication of the fact that the ther-
modynamic gas-solid transition which occurs in this peculiar
regime is conditioned by increasing stronger “energy” ef-
fects, at variance with the underlying structural modifications
that are quite sensitively detected by the entropy criterion at
higher densities. These structural effects, which are associ-
ated with the existence of a metastable liquid phase, seem to
be altogether important in “assisting” the kinetics of the
nucleation of a solid phas8.

Figure 6 shows the RDF’s of the HCYF. In passing, we
recall that the small hump in the second maxim(singhtly
more prominent than for bare hard spherés a short-
distance effect whose appearar(fer increasing densitigs
signals the incoming freezing transitihThe RDF's do
substantially overlap foz=3.9. A tiny, but systematic, shift
towards smaller distances can be observed only at low tem-
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1.5

TABLE II. Average nearest-neighbor distances in a HCYFZ#er7 calcu-
lated through the Voronoi constructiaisee text The value forT* =
refers to hard spheres with no attraction.

T I

lw

0.5 1.225 1.116
1.0 1.222 1.120
0 1.227 1.127

g(r)

0.5

the particles of the fluid and over the MC configurations. The
rationale behind this new definition is obviously that the fac-

' tor w; progressively reduces the relative weight of the fur-
(b) thermost particles in the evaluation of the average NN dis-
J . tance: in fact, the further the neighbor, the smaller the area of
i . the associated polygon. The two quantitiesandl,,, are
; T N compared in Table Il for the HCYF witz=7: The data
1 P show that, at variance with the original definition, the
Lot ) weighted distancé,, does depend on the temperature in a
' weak but systematic way, actually decreasing withlong
an isochore, as one would expect on an intuitive basis. Using

3 4 3 I, as the reference quantity, when scaling interparticle dis-
r/o tances, almost completely removes the relative shift ob-
FIG. 6. Radial distribution functions of the HCYF in thermodynamic statesse_rved at d_lﬁerem temperatures between the RDF's of the
characterized by the vanishing of the residual multiparticle entigee  f1UId (see Fig. 7.

Table |). (8 HCYF with z=3.9: continuous line T* =0.60), dashed line Summing up, the overall evidence on the HCYF appears
(T*=0.70), dotted line T*=2). (b) HCYF with z=7: dashed lineT*  to pe consistent with that discussed for the LJ fluid, while
=0.50), dotted line T* =1.00). definitely being less stringent, also as a result of the fact that
the RDF'’s singled out by the zero-RMPE constraint refer to
peratures. Such a relative shift is hardly perceivablezfor the same density. In fact, the amplitudes of the medium-

—3.9 but becomes more visible far=7. This effect is range oscillations coincide, independently of the temperature
clearly originated by the increased cohesion of the fluid a@nd of the value of the decay parameteidowever, it is also
low temperatures, the expected consequence of a rather dee that the density profile of the HCYF turns out to be
and short-ranged attractive potential. As such, this shift can@(most insensitive to temperature changes for high enough
not be accounted for by the scaling procedure presented ensities po®>0.7).

Sec. Il which rests upon a definition of the NN distance

which _does not.significantly depend upon the temperaturg (\f/ DISCUSSION AND CONCLUDING REMARKS

the fluid (see Fig. 3. However, what seems lacking in this

case is a finer definition of such a distance. The straight As a result of the scaling relation illustrated for fluids
definition resulting from the Voronoi construction does notwith vanishing RMPE by Eqg6), (7), and(8), the RDF can
seem completely appropriate in the case of such unconvere split, at least for the model potentials investigated so far,
tional potentials, in that it fails to monitor the small but sys-into the sum of a short-range interaction-dependent part
tematic lowering of the relative interparticle distances that is
registered upon decreasing the temperature of the fluid at a
given density. Such a failure is likely due to the “coarsen-
ing” of the currently used distance that is produced by the
inclusion of relatively far particleswith respect to the cen-
tral one, as discussed in detail at the end of the preceding
section. In order to check whether this is the case, we con-
sidered the following modified definition of the average NN
distance:

|WE<N2N Wi~Ri>, 9)

whereR; yields the relative distance of théh NN particle
from a given reference one, amd is the ratio of the surface FIG. 7. Radial distribution functions of hard spheres and of the HCYF with
. ' =7 in thermodynamic states characterized by the vanishing of the residual
area of the aSS_OCIated pOIygonal face to the total surface arér%ltiparticle entropy(see Table )t the relative distances have all been
of the Voronoi polyhedron constructed around the centrajeferred to the area-weighed nearest-neighbor distipceHard spheres:

particle. As usual, an averaging is then performed over altontinuous line; HCYF: dashed lindt =0.50), dotted line T* = 1.00).

1.5

gr)
=
P
3\
Vs
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1
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G,(r) and a seemingly “universal” long-range pagt,(r). fered by the multiparticle correlation expansion of the statis-
Correspondingly, the associated contribution to the totatical entropy, reveals itself as the microscopic backstage of
structure factor of the fluid can be written as the incoming transition of the fluid into a more ordered state.

éa(q) = l+paJ e 19T(g,(r)—1)dr ACKNOWLEDGMENT
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